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Abstract
We obtain for H, a closed amenable subgroup of a locally compact group G, the existence of an invariant
conditional expectation of CVp(G) onto {T ∈ CVp(G) | suppT ⊂ H }. As a consequence we prove that H
is locally p-Ditkin in G. We also establish relations between cvp(H), {T ∈ cvp(G) | suppT ⊂ H } and
cvp(G) where cvp is the norm closure, in the set of all bounded operators of Lp , of the set all convolution
operators with compact support.
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1. Introduction
Let G be a locally compact group, H a closed subgroup of G and p a real number larger
than 1. We find a condition on the pair (G,H) which implies the existence of a conditional
expectation P of CVp(G) onto {T ∈ CVp(G) | suppT ⊂ H } with P(uT ) = uP(T ) for u ∈
Ap(G) and T ∈ CVp(G). This condition, denoted G ∈ [A]H , is verified if H is neutral in G or
for H amenable. As a consequence we obtain that for G ∈ [A]H , H is locally p-Ditkin in G. This
result was previously known for H neutral in G [5] and for G amenable [11], but is new for H
amenable. Another consequence is that for G ∈ [A]H , the Banach algebra cvp(H) is canonically
isometrically isomorphic to {T ∈ cvp(G) | suppT ⊂ H }, where cvp is the norm closure in the set
of all bounded operators of the set all convolution operators with compact support. This result
is a vast generalization of Reiter’s theorem [20, Theorem 2] concerning Cbu(Ĝ) for G abelian
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this generalization to p = 2 and to G non-commutative, has been obtained by Carl Herz in 1970
under the assumption that H is normal in G [13]. The property [A]H (defined in Section 4)
permits to treat in a unified way the cases of neutral subgroups and amenable subgroups.
2. Main notations and main definitions
We precise the notations and notions used in this work.
For f ∈ CG, we put af (x) = f (ax), fa(x) = f (xa), fˇ (x) = f (x−1), f˜ (x) = f (x−1) and
f ∗(x) = f (x−1)ΔG(x−1) for a, x ∈ G.
We choose on G a left invariant Haar measure mG.
For f ∈ CG we put [f ] = {g ∈ CG | f (x) = g(x) almost everywhere with respect to mG}.
For f is p-integrable we set
Np(f ) =
(∫
G
∣∣f (x)∣∣p dx)1/p
and ‖[f ]‖Lp(G) = Np(f ).
For f p-integrable and g p′-integrable we define the pairing
〈[f ], [g]〉
Lp(G),Lp
′
(G)
=
∫
G
f (x)g(x) dx.
A p-convolution operator T on G, written T ∈ CVp(G), is by definition, a bounded operator
of Lp(G) such that T (af ) = a(Tf ) for every a ∈ G and every f ∈ Lp(G).
If μ is bounded measure (μ ∈ M(G)) on G, then λpG(μ) denotes the element of CVp(G),
defined by
λ
p
G(μ)[ϕ] =
[
ϕ ∗ Δ1/p′G μˇ
]
for every ϕ ∈ C00(G;C).
We precise that C00(G;C) is the set of all continuous maps of G into C having compact
support and that C00(G) is the set of all continuous maps of G into R having compact support.
Moreover μˇ is the measure defined by μˇ(ϕ) = μ(ϕˇ) for ϕ ∈ C00(G;C).
We denote by Ap(G) the set of all u ∈ CG for which there is a sequence (kn)∞n=1 of
p-integrable functions and a sequence (gn)∞n=1 of p′-integrable functions such that
∞∑
n=1
Np(fn)Np′(gn)
converges and with
u(x) =
∞∑
n=1
f n ∗ gˇn(x)
for every x ∈ G.
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{ ∞∑
n=1
Np(fn)Np′(gn)
∣∣∣ with (fn)∞n=1 and (gn)∞n=1 as above
}
.
Let PMp(G) be the closure in L(Lp(G)) of {λpG(μ) | μ ∈ M(G)} with respect to the ultra-
weak topology.
A pairing between Ap(G) and PMp(G), is defined by
〈f ∗ gˇ, T 〉Ap(G),PMp(G) =
〈
T [τpf ], [τp′g]
〉
Lp(G),Lp
′
(G)
for f is p-integrable and g p′-integrable, where τpf = fˇ Δ1/pG .
For T ∈ CVp(G) the support of T (denoted suppT ) is the set of all x ∈ G such that for
every neighborhood U of e, for every neighborhood V of x there is ϕ,ψ ∈ C00(G;C) with
suppϕ ⊂ U, suppψ ⊂ V and 〈T [ϕ], [ψ]〉
Lp(G),Lp
′
(G)
= 0.
A closed subset F of G is p-Ditkin if for every ε > 0 and every u ∈ Ap(G) with ResH u = 0
there is v ∈ Ap(G) ∩C00(G;C) with suppv ∩ H = ∅ and
‖u − uv‖Ap(G) < ε.
A closed subset F of G is locally p-Ditkin if for every ε > 0 and every u ∈ Ap(G) ∩
C00(G;C) with ResH u = 0 there is v ∈ Ap(G) ∩C00(G;C) with suppv ∩H = ∅ and
‖u − uv‖Ap(G) < ε.
Let H be an arbitrary closed subgroup of G, q a continuous strictly positive function on G
with
q(xh) = q(x)ΔH (h)ΔG(h)−1
for x ∈ G, h ∈ H .
Let mH be a left invariant Haar measure on H, and mG/H the corresponding measure on
G/H. For a ∈ Lp(G/H,mG/H ), x ∈ G and t˙ ∈ G/H we set(
πp(x)a
)
(t˙) = χ(x−1, t˙)1/pa(x−1 t˙),
where
χ(x, t˙) = q(xy)
q(y)
for y ∈ t˙ .
Concerning the properties of mG/H and of the map TH,q of C00(G;C) onto C00(G/H ;C),
we refer to Chapter 8 of Reiter and Stegeman’s book [21], we precise only that
TH,qf (x˙) =
∫
f (xh)
q(xh)
dh.H
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measure on X, we denote by M∞
C
(X,μ) (= M∞
C
(X)) the set of all bounded complex valued
μ-measurable functions on X.
3. The convolution operator ωπp([a], [b])˜ T
Let Z be a closed subgroup of G with a left invariant Haar measure mZ. In this work we will
consider Z = H and Z = G.
Let a ∈ M∞
C
(G/H) with compact support, ϕ ∈ C00(Z;C), we put(
Bp(ϕ, a)(t˙)
)
(z) = ϕ(z)(πp(z)a)(t˙)
for z ∈ Z and t˙ ∈ G/H.
For a, b ∈ M∞
C
(G/H) with compact support, S ∈ CVp(Z) ϕ,ψ ∈ C00(Z;C) the relation〈(
ResZ ωπp
([a], [b])˜S)[ϕ], [ψ]〉
Lp(Z),Lp
′
(Z)
=
∫
G/H
〈
S
[
Bp(ϕ, a)(t˙)
]
,
[
Bp′(ψ,b)(t˙)
]〉
Lp(Z),Lp
′
(Z)
dt˙
defines a p-convolution operator1 of Z (see [8, pp. 145 and 156]) with∣∣∣∣∣∣ResZ ωπp([a], [b])˜S∣∣∣∣∣∣p Np(a)Np′(b)|||S|||p.
If H = {e} we have ωπp([a], [b])˜ S = (a ∗ bˇ)S.
Lemma 1. Let G be a locally compact group, H a closed subgroup, 1 <p < ∞, i the canonical
isometry of CVp(H) into CVp(G) (cf. [6]), a, b ∈ M∞C (G/H) with compact support, ϕ,ψ ∈
C00(G;C) and α ∈ C00(H) with α  0 and
∫
H
α(h)dh = 1. Then for S ∈ CVp(H) we have∣∣〈ωπp([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G) − 〈ωπp([a], [b])˜ i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣
 |||S|||pNp′(b)Np′(ψ)
{
Np(ϕ)
(∫
H
α(h)Np
(
a − πp(h)a
)p
dh
)1/p
+ Np(a)
(∫
H
α(h)Np
(
ϕh−1ΔG
(
h−1
)1/p − ϕ)p dh)1/p}.
Proof. Let
I = 〈ωπp([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G) − 〈ωπp([a], [b])˜ i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G).
1 We put dt˙ = dmG/H (t˙).
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I =
∫
G/H
〈
i(S)
(
λG
(
i
(
α∗mH
))[
Bp(ϕ, a)(t˙)
]− [Bp(ϕ, a)(t˙)]), [Bp′(ψ,b)(t˙)]〉Lp(G),Lp′ (G) dt˙
and therefore
|I | |||S|||p
( ∫
G/H
∥∥λG(i(α∗mH ))[Bp(ϕ, a)(t˙)]− [Bp(ϕ, a)(t˙)]∥∥pp dt˙)1/p
×
( ∫
G/H
∥∥[Bp′(ψ,b)(t˙)]∥∥p′p′ dt˙)1/p′ ,
but ∫
G/H
∥∥[Bp′(ψ,b)(t˙)]∥∥p′p′ dt˙ = Np′(ψ)p′Np′(b)p′
and
∥∥λG(i(α∗mH ))[Bp(ϕ, a)(t˙)]− [Bp(ϕ, a)(t˙)]∥∥p

∫
H
α(h)Np
((
Bp(ϕ, a)(t˙)
)
h−1ΔG
(
h−1
)1/p −Bp(ϕ, a)(t˙))dh λ1(t˙) + λ2(t˙),
where
λ1(t˙) =
∫
H
α(h)Np
(
Bp
(
ϕ,a − πp(h)a
)
(t˙)
)
dh
and
λ2(t˙) =
∫
H
α(h)Np
(
Bp
(
ϕh−1ΔG
(
h−1
)1/p − ϕ,a)(t˙))dh.
Therefore
|I | |||S|||pNp′(b)Np′(ψ)
(
Np(λ1) + Np(λ2)
)
.
But
Np(λ1)
p Np(ϕ)p
∫
α(h)Np
(
a − πp(h)a
)p
dhH
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∫
H
α(h)Np
(
ϕh−1ΔG
(
h−1
)1/p − ϕ)p dh. 
Lemma 2. Let G be a locally compact group, H a closed subgroup, 1 < p < ∞, a, b ∈
M∞
C
(G/H) with compact support, α,ϕ,ψ ∈ C00(H ;C) and S ∈ CVp(H). Then
〈
ResH ωπp
([a], [b])˜ (SλpH (α∗))[ϕ], [ψ]〉Lp(H),Lp′ (H)
= 〈S[αΔ1/p′H ], [ResH ωπp([a], [b])˜ r]〉Lp(H),Lp′ (H),
where
r(h) = ΔH(h)−1/p′
〈
λ
p′
H (h)[ψ], [ϕ]
〉
Lp
′
(H),Lp(H)
for h ∈ H.
Proof. Let T = SλpH (α∗) and I = 〈ResH ωπp([a], [b])˜ T [ϕ], [ψ]〉Lp(H),Lp′ (H). For t˙ ∈ G/H we
have 〈
T
[
Bp(ϕ, a)(t˙)
]
,
[
Bp′(ψ,b)(t˙)
]〉
Lp(H),Lp
′
(H)
= 〈S[αΔ1/p′H ], [s]〉Lp(H),Lp′ (H)
where
s(h) = ΔH(h)−1/p′
〈
λ
p′
H (h)
[
Bp′(ψ,b)(t˙)
]
,
[
Bp(ϕ, a)(t˙)
]〉
Lp
′
(H),Lp(H)
.
Let u ∈ S[αΔ1/p′H ]. Then〈
T
[
Bp(ϕ, a)(t˙)
]
,
[
Bp′(ψ,b)(t˙)
]〉
Lp(H),Lp
′
(H)
=
∫
H
u(h)
(∫
H
χ
(
(h′h)−1, t˙
)1/p′
χ
(
h′−1, t˙
)1/p
ψ(h′h)ϕ(h′)b
(
(h′h)−1 t˙
)
a
(
h′−1 t˙
)
dh′
)
dh
and therefore
I =
∫
H
u(h)
(∫
H
ϕ(h′)ψ(h′h)
×
{ ∫
G/H
χ
(
(h′h)−1, t˙
)1/p′
χ
(
h′−1, t˙
)1/p
b
(
(h′h)−1 t˙
)
a
(
h′−1 t˙
)
dt˙
}
dh′
)
dh.
But for h ∈ H we have
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H
ϕ(h′)ψ(h′h)
{ ∫
G/H
χ
(
(h′h)−1, t˙
)1/p′
χ
(
h′−1, t˙
)1/p
b
(
(h′h)−1 t˙
)
a
(
h′−1 t˙
)
dt˙
}
dh′
=
(∫
H
ϕ(h′)ψ(h′h)dh′
)( ∫
G/H
χ
(
h−1, t˙
)1/p′
a(t˙)b
(
h−1 t˙
)
dt˙
)
and finally we obtain indeed
I =
∫
H
u(h)
(∫
H
ϕ(h′)ψ(h′h)dh′
)( ∫
G/H
χ
(
h−1, t˙
)1/p′
a(t˙)b
(
h−1 t˙
)
dt˙
)
dh. 
Lemma 3. Let G be a locally compact group, H a closed subgroup, 1 < p < ∞, a, b ∈
M∞
C
(G/H) with compact support, α ∈ C00(H ;C), ϕ,ψ ∈ C00(G;C) and S ∈ CVp(H), then〈
ωπp
([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G)
= 〈S[αΔ1/p′H ], [ResH ωπp′ ([b], [a])r]〉Lp(H),Lp′ (H),
where r(h) = ΔH(h)−1/p′ 〈λp
′
H (h)[ψ], [ϕ]〉Lp′ (G),Lp(G) for h ∈ H.
Proof. As above let T = SλpH (α∗) and
I = 〈ωπp([a], [b])˜ i(T )[ϕ], [ψ]〉Lp(G),Lp′ (G).
We have
I =
∫
G/H
〈
i(T )
[
Bp(ϕ, a)(t˙)
]
,
[
Bp(ψ,b)(t˙)
]〉
Lp
′
(G),Lp(G)
dt˙ .
For t˙ ∈ G/H 〈
i(T )
[
Bp(ϕ, a)(t˙)
]
,
[
Bp(ψ,b)(t˙)
]〉
Lp
′
(G),Lp(G)
=
∫
H
c(h)
(
ΔH
(
h−1
)
ΔG(h)
)1/p′(
k∗ ∗ l)(h) dh
with c ∈ S[αΔ1/p′H ], k = Bp(ϕ, a)(t˙) and l = Bp′(ψ,b)(t˙). This implies
I =
∫
G/H
(∫
H
c(h)
(
ΔH
(
h−1
)
ΔG(h)
)1/p′(
k∗ ∗ l)(h) dh)dt˙,
but for h ∈ H we have∫ (
k∗ ∗ l)(h) dt˙ = 〈πp′(h)[b], [a]〉Lp′ (G/H),Lp(G/H)r(h). G/H
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M∞
C
(G/H) with compact support, α ∈ C00(H ;C) and S ∈ CVp(H), then
i
(
ResH ωπp
([a], [b])˜ (SλpH (α∗)))= ωπp([a], [b])˜ i(SλpH (α∗)).
Proof. Let ϕ,ψ ∈ C00(G;C) and
I = 〈i(ResH ωπp([a], [b])˜ (SλpH (α∗)))[ϕ], [ψ]〉Lp(G),Lp′ (G).
According to Lemma 2
I =
∫
G/H
〈
S
[
αΔ
1/p′
H
]
,
[
ResH ωπp
([a], [b])˜ r(x˙)]〉Lp(H),Lp′ (H) dx˙,
where for x ∈ G and h ∈ H
r(x˙)(h) = ΔH(h)−1/p′
〈
λ
p′
H (h)
[(
ψ
q1/p′
)
x,H
]
,
[(
ψ
q1/p′
)
x,H
]〉
Lp
′
(H),Lp(H)
.
For u ∈ S[αΔ1/p′H ] we obtain
I =
∫
H
u(h)ΔH (h)
−1/p′ 〈πp(h−1)[a], [b]〉Lp(G/H),Lp′ (G/H)〈λp′G(h)[ψ], [ϕ]〉Lp′ (G),Lp(G) dh.
But by Lemma 3
〈
ωπp
([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G)
=
∫
H
u(h)ΔH (h)
−1/p′ 〈πp(h−1)[b], [a]〉Lp′ (G/H),Lp(G/H)〈λp′G(h)[ψ], [ϕ]〉Lp′ (G),Lp(G) dh. 
Lemma 5. Let G be a locally compact group, H a closed subgroup, 1 < p < ∞, a, b ∈
M∞
C
(G/H) with compact support, ϕ,ψ ∈ C00(G;C) and α ∈ C00(H) with α  0 and∫
H
α(h)dh = 1. Then for S ∈ CVp(H) we have∣∣〈i(ResH ωπp([a], [b])˜ (SλpH (α∗)))[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣
 |||S|||pNp′(b)Np′(ψ)
{
Np(ϕ)
( ∫
H
α(h)Np
(
a − πp(h)a
)p
dh
)1/p
+Np(a)
(∫
H
α(h)Np
(
ϕh−1ΔG
(
h−1
)1/p − ϕ)p dh)1/p}.
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I = 〈i(ResH ωπp([a], [b])˜ (SλpH (α∗)))[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G).
We have
|I | |||S|||p
∫ ∫
G/H×G/H
F(x˙, t˙)
∥∥∥∥[(Bp′(ψ,b)(t˙)q1/p
)
x,H
]∥∥∥∥
p′
dt˙ dx˙,
where
F(x˙, t˙) =
∥∥∥∥λpH (α∗)[(Bp(ϕ, a)(t˙)q1/p
)
x,H
]
−
[(
Bp(ϕ, a)(t˙)
q1/p
)
x,H
]∥∥∥∥
p
.
This implies
|I | |||S|||p
( ∫ ∫
G/H×G/H
F(x˙, t˙)p dt˙ dx˙
)1/p( ∫ ∫
G/H×G/H
Np′
((
Bp′(ψ,b)(t˙)
q1/p
)
x,H
)p′
dt˙ dx˙
)1/p′
,
but
∫ ∫
G/H×G/H
Np′
((
Bp′(ψ,b)(t˙)
q1/p
)
x,H
)p′
dt˙ dx˙ = Np′(b)p′Np′(ψ)p′ .
It remains to estimate ( ∫ ∫
G/H×G/H
F(x˙, t˙)pdt˙ dx˙
)1/p
.
For t˙ , x˙ ∈ G/H we have
F(x˙, t˙) λ1(x˙, t˙ ) + λ2(x˙, t˙)
with
λ1(x˙, t˙ ) =
∫
H
α(h)Np
(
Bp
((
ϕ
q1/p
)
x,H
, a
)
(t˙) −Bp
((
ϕ
q1/p
)
x,H
,πp(h)a
)
(t˙)
)
dh
and
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∫
H
α(h)Np
(
Bp
((
ϕ
q1/p
)
x,H
,πp(h)a
)
(t˙)h−1ΔH
(
h−1
)1/p
− Bp
((
ϕ
q1/p
)
x,H
, a
)
(t˙)
)
dh.
Therefore
( ∫ ∫
G/H×G/H
F(x˙, t˙)p dt˙ dx˙
)1/p

( ∫ ∫
G/H×G/H
λ1(x˙, t˙ )
p dt˙ dx˙
)1/p
+
( ∫ ∫
G/H×G/H
λ2(x˙, t˙ )
p dt˙ dx˙
)1/p
.
But ∫ ∫
G/H×G/H
λ1(x˙, t˙ )
p dt˙ dx˙ Np(ϕ)p
∫
H
α(h)Np
(
a − πp(h)a
)p
dh
and ∫ ∫
G/H×G/H
λ2(x˙, t˙)
p dt˙ dx˙ Np(a)p
∫
H
α(h)Np
(
ϕh−1ΔG
(
h−1
)1/p − ϕ)p dh. 
In analogy with ui(S) = i(ResH uS) for u ∈ Ap(G) [9], we have the following relation.
Theorem 6. Let G be a locally compact group, H a closed subgroup, 1 < p < ∞. Then for
S ∈ CVp(H), a, b ∈ M∞C (G/H) with compact support we have
ωπp
([a], [b])˜ i(S) = i(ResH ωπp([a], [b])˜S).
Proof. Let ϕ,ψ ∈ C00(G;C) and ε > 0. There is U open neighborhood of e in H such that for
every h ∈ U we have Np(a − πp(h)a) < η and Np(ϕh−1ΔG(h−1)1/p − ϕ) < η where
0 < η <
ε
(1 + 2|||S|||pNp′(b)Np′(ψ))(1 +Np(ϕ) +Np(a)) .
Let α ∈ C00(H) with α  0,
∫
H
α(h)dh = 1 and suppα ⊂ U and
I = 〈ωπp([a], [b])˜ i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G).
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|I | ∣∣〈ωπp([a], [b])˜ i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈ωπp([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣
+ ∣∣〈ωπp([a], [b])˜ i(SλpH (α∗))[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈i(ResH ωπp([a], [b])˜ (SλpH (α∗)))[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣
+ ∣∣〈i(ResH ωπp([a], [b])˜ (SλpH (α∗)))[ϕ], [ψ]〉Lp(G),Lp′ (G)
− 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣.
Using Lemmas 1, 4 and 5 we obtain
|I | 2|||S|||p Np′(b)Np(ϕ)Np′(ψ)η + 2|||S|||pNp(a)Np(ϕ)Np′(ψ)η
and finally |I | < ε. 
4. The property [A]H
Definition 1. Let G be a locally compact group and H be a closed subgroup of G. We say that
G ∈ [A]H if for every ε > 0, for every compact subset K of H and for every neighborhood U
of e in G there is f ∈ L1(G/H,mG/H ) such that N1(f ) = 1, f  0, suppf ⊂ ω(U) (ω being
the canonical map of G onto G/H ) and∫
G/H
∣∣χ(h−1, x˙)f (h−1x˙)− f (x˙)∣∣dx˙ < ε
for every h ∈ K .2
Lemma 7. Let G be a locally compact group and H be a closed subgroup of G. Suppose that
H is locally neutral in G [16]. Then there is U0, a compact neighborhood of e in G, such that
for every neighborhood U of e in G and for every compact subset K of H there is W, an open
neighborhood of e in G with W ⊂ U, W = W−1 and(
K ∪U0 ∪K−1
)∩ WH = (K ∪ U0 ∪K−1)∩HW.
Proof. By definition there is U1, a compact neighborhood of e in G, such that for every neigh-
borhood U ′ of e in G there is V ′, an open neighborhood of e in G, with (HV ′H) ∩ U1 ⊂ U ′H.
Let U0 be a compact neighborhood of e in G with U0 = U−10 and U0 ⊂ U1.
Let U be an open neighborhood of e in G and K a compact subset of H. There is U2, an
open neighborhood of e in G, with U2 = U−12 and U2 ⊂ U. There is U3, an open neighborhood
of e in G, with kU3k−1 ⊂ U2 for every k ∈ K ′ where K ′ = K ∪ {e}. There is V1, an open
neighborhood of e in G, with (HV1H)∩U1 ⊂ U3H. This implies (HV1H)∩ (K ′U0H) ⊂ U2H.
Finally let V2 be an open neighborhood of e in G with V2 = V −12 and V2 ⊂ V1. Consider W =
2 I.e. N1(π1(h)f − f ) < ε.
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easily verify that (
K ′ ∪U0 ∪K ′−1
)∩ WH = (K ′ ∪ U0 ∪ K ′−1)∩HW. 
Proposition 8. Let G be a locally compact group and H be a closed subgroup of G. Suppose
that one of the following two conditions is verified:
(i) H is locally neutral in G and G/H admits a G-invariant measure,
(ii) H is amenable.
Then G ∈ [A]H .
Proof. (1) Suppose that the condition (i) is verified.
Let U be an open neighborhood of e in G, K a compact subset of H and ε > 0. By Lemma 7
there is U0 a compact neighborhood of e in G and V an open neighborhood of e in G with
V ⊂ U ∩U0, V = V −1 and (K1U0K1)∩ VH = (K1U0K1)∩HV where K1 = K ∪K−1 ∪ {e}.
Then for h ∈ K1 ω(V ) = hω(V ) and therefore∫
G/H
∣∣∣∣π1(h) 1ω(V )(y˙)m(ω(V )) − 1ω(V )(y˙)m(ω(V ))
∣∣∣∣dy˙ < ε
for every h ∈ K.
(2) Suppose that the condition (ii) is verified.
Let again U be an open neighborhood of e in G, K a compact subset of H and ε > 0. By [10,
Proposition 2.1] there is f ∈ C+00(G) with N1(f ) = 1, suppf ⊂ U and N1(xfx−1ΔG(x−1) −
f ) < ε for every x ∈ K. But for x ∈ H we have TH,q(fxΔG(x)) = TH,q(f ). Consequently for
x ∈ K we have ∫
G/H
∣∣χ(x, y˙)TH,q(f )(xy˙) − TH,q(f )(y˙)∣∣dy˙ < ε
and suppTH,q(f ) ⊂ ω(U). 
Corollary 9. Let G be a locally compact group and H be a closed subgroup of G. Suppose that
H is neutral in G. Then G ∈ [A]H .
Proof. The subgroup H is locally neutral in G. According to J. Poncet [19] G/H admits a
G-invariant measure. 
Remarks. (1) It is unknown whether Poncet’s result extends to locally neutral subgroups.
(2) If G ∈ [A]H , then iH is weakly contained in ResH (indGH iH ). The converse is of course
false.
(3) Let
G1 =
{(
a b
0 1
) ∣∣∣ a, b ∈ R, a = 0}, H1 = {(a 00 1
) ∣∣∣ a ∈ R, a = 0},
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Then G ∈ [A]H with H non-amenable and H not neutral in G.
This can proved observing that if G1,G2 are two locally compact groups, H1 a closed sub-
group of G1 and H2 a closed subgroup of G2 with G1 ∈ [A]H1 and G2 ∈ [A]H2 , then clearly
G1 ×G2 ∈ [A]H1×H2 . Now choose G1, G2, H1, H2, G, H as above. The amenability of H1 and
the neutrality of H2 in G2 (we have indeed G2 ∈ [SIN]H2 ) imply G ∈ [A]H .
The topological group H is not amenable because it contains {e} × SO(3)d . But
ResH ΔG = ΔH and consequently H is not neutral in G.
(4) In full analogy with Reiter’s proof of the fact that the property P1 of G, implies the
amenability of G (see [21, Chapter 8]), we proved that if G ∈ [A]H , then there is H -invariant
mean M on L∞(G/H) with M(f ) = f (e˙) for every f ∈ Cb(G/H). We were unable to prove
the converse.
5. Existence of P
Lemma 10. Let G be a locally compact group, H a closed subgroup, β a Bruhat function for H,
a,b ∈ M∞
C
(G/H) with compact support with∫
G/H
a(t˙)b(t˙) dt˙ = 1,
1 <p < ∞, S ∈ CVp(H) and ϕ,ψ ∈ C00(G;C). Then∣∣〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G) − 〈i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣
 |||S|||pNp′(b)Np′(ψ)
(∫
G
β(x)q(x)
(∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)
dx
)1/p
+ |||S|||pNp(a)Np(ϕ)
(∫
G
β(x)q(x)
(∫
H
|ψ(xh)|p′
q(xh)
Np′
(
πp′(h)b − b
)p′
dh
)
dx
)1/p′
.
Proof. Let
I = 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp(G),Lp′ (G) − 〈i(S)[ϕ], [ψ]〉Lp(G),Lp′ (G).
Then
|I | |||S|||p
∫
G
β(x)q(x)
(∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)1/p
× Np′(b)
(∫
H
|ψ(xh)|p′
q(xh)
dh
)1/p′
dx
3 SO(3)d is the group SO(3) with the discrete topology.
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∫
G
β(x)q(x)
(∫
H
|ψ(xh)|p′
q(xh)
Np′
(
πp′(h)b − b
)p′
dh
)1/p′
× Np(a)
(∫
H
|ϕ(xh)|p
q(xh)
dh
)1/p
dx.
But ∫
G
β(x)q(x)
(∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)1/p(∫
H
|ψ(xh)|p′
q(xh)
dh
)1/p′
dx
Np′(ψ)
(∫
G
β(x)q(x)
(∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)
dx
)1/p
and ∫
G
β(x)q(x)
(∫
H
|ψ(xh)|p′
q(xh)
Np′
(
πp′(h)b − b
)p′
dh
)1/p′(∫
H
|ϕ(xh)|p
q(xh)
dh
)1/p
dx
Np(ϕ)
(∫
G
β(x)q(x)
(∫
H
|ψ(xh)|p′
q(xh)
Np′
(
πp′(h)b − b
)p′
dh
)
dx
)1/p′
. 
Lemma 11. Let G be a locally compact group, H a closed subgroup, β a Bruhat function for H ,
1 <p < ∞, S ∈ CVp(H), a ∈ M∞(G/H) with compact support and ϕ,λ ∈ C00(G;C). Then( ∫
G/H
∥∥i(S)[Bp(ϕ, a)(t˙)]− [Bp(λ, a)(t˙)]∥∥pp dt˙)1/p
 |||S|||p
(∫
G
β(x)q(x)
∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dhdx
)1/p
+Np(a)
∥∥i(S)[ϕ] − [λ]∥∥
p
+
(∫
G
β(x)q(x)
∫
H
|λ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dhdx
)1/p
.
Proof. Let ψ ∈ C00(G;C) and for t˙ ∈ G/H
J(t˙) = 〈i(S)[Bp(ϕ, a)(t˙)]− [Bp(λ, b)(t˙)], [ψ]〉Lp(G),Lp′ (G).
We have J (t˙) = J1(t˙) + J2(t˙) + J3(t˙) with
J1(t˙) =
∫
G
β(x)q(x)
×
〈
S
[(
ϕ
q1/p
)
f (t˙)x,H − f (t˙)(x)
(
ϕ
q1/p
) ]
,
[(
ψ
q1/p
) ]〉
p p′
dx,
x,H x,H x,H L (H),L (H)
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∫
G
β(x)q(x)
×
〈
f (t˙)(x)S
[(
ϕ
q1/p
)
x,H
]
− f (t˙)(x)
[(
λ
q1/p
)
x,H
]
,
[(
ψ
q1/p
)
x,H
]〉
Lp(H),Lp
′
(H)
dx,
J3(t˙) =
∫
G
β(x)q(x)
×
〈[
f (t˙)(x)
(
λ
q1/p
)
x,H
− f (t˙)x,H
(
λ
q1/p
)
x,H
]
,
[(
ψ
q1/p
)
x,H
]〉
Lp(H),Lp
′
(H)
dx
with f (t˙)(x) = χ(x−1, t˙)1/pa(x−1 t˙ ).
We easily have
∣∣J1(t˙)∣∣Np′(ψ)|||S|||p(∫
G
β(x)q(x)Np
(
f (t˙)(x)
(
ϕ
q1/p
)
x,H
− f (t˙)x,H
(
ϕ
q1/p
)
x,H
)p
dx
)1/p
,
∣∣J2(t˙)∣∣Np′(ψ)(∫
G
β(x)q(x)
∣∣f (t˙)(x)∣∣p∥∥∥∥S[( ϕq1/p
)
x,H
]
−
[(
λ
q1/p
)
x,H
]∥∥∥∥p
p
dx
)1/p
and
∣∣J3(t˙)∣∣Np′(ψ)(∫
G
β(x)q(x)Np
((
λ
q1/p
)
x,H
f (t˙)(x) −
(
λ
q1/p
)
x,H
f (t˙)x,H
)p
dx
)1/p
.
Therefore ∥∥i(S)[Bp(ϕ, a)(t˙)]− [Bp(λ, b)(t˙)]∥∥pp  μ1(t˙) +μ2(t˙) + μ3(t˙),
where
μ1(t˙) = |||S|||p
(∫
G
β(x)q(x)Np
(
f (t˙)(x)
(
ϕ
q1/p
)
x,H
− f (t˙)x,H
(
ϕ
q1/p
)
x,H
)p
dx
)1/p
,
μ2(t˙) =
(∫
G
β(x)q(x)
∣∣f (t˙)(x)∣∣p∥∥∥∥S[( ϕq1/p
)
x,H
]
−
[(
λ
q1/p
)
x,H
]∥∥∥∥p
p
dx
)1/p
,
μ3(t˙) =
(∫
β(x)q(x)Np
((
λ
q1/p
)
x,H
f (t˙)(x) −
(
λ
q1/p
)
x,H
f (t˙)x,H
)p
dx
)1/p
.G
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G/H
μ1(t˙)
p dt˙ = |||S|||pp
∫
G
β(x)q(x)
(∫
H
|ϕ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)
dx,
∫
G/H
μ2(t˙)
pdt˙ = Np(a)p
∥∥i(S)[ϕ] − [λ]∥∥p
and ∫
G/H
μ3(t˙)
p dt˙ =
∫
G
β(x)q(x)
(∫
H
|λ(xh)|p
q(xh)
Np
(
πp(h)a − a
)p
dh
)
dx. 
Our main result is the following theorem.
Theorem 12. Let G be a locally compact group, H a closed subgroup and 1 <p < ∞. Suppose
that G ∈ [A]H . Then there is a projection P of CVp(G) onto {S ∈ CVp(G) | suppS ⊂ H } with
P(uT ) = uP(T ) for u ∈ Ap(G) and T ∈ CVp(G). The following properties are also verified:
(1) P(T ) ∈ PMp(G) if T ∈ PMp(G),
(2) P(λpG(μ)) = λpG(1Hμ) for every bounded measure μ,
(3) P(i(S)T i(U)) = i(S)P(T )i(U) for S,U ∈ CVp(H) and T ∈ CVp(G).
Proof. For a, b ∈ M∞(G/H) with compact support we set
ga,b(T ,ϕ,ψ) =
〈(
ωπp(a, b)˜ T
)
ϕ,ψ
〉
Lp(G),Lp
′
(G)
,
where ϕ ∈ Lp(G), ψ ∈ Lp′(G) and T ∈ CVp(G). Let U be a neighborhood of e in G, K a
compact subset of H and ε > 0 we put
DU,K,ε =
{
ga,b
∣∣∣ a, b ∈ M∞(G/H), a  0, b 0, suppa ⊂ ω(U), suppb ⊂ ω(U),∫
G/H
a(t˙)b(t˙) dt˙ = Np(a) = Np′(b) = 1, Np
(
πp(h)a − a
)
< ε
and Np′
(
πp′(h)b − b
)
< ε for every h ∈ K
}
.
The condition G ∈ [A]H implies that the set DU,K,ε is non-empty.
As in [8, p. 145] we consider the Banach space X of all maps f of CVp(G) × Lp(G) ×
Lp(G) into C linear in CVp(G) and in Lp(G) and conjugate linear in Lp′(G) and for which
|f (T ,ϕ,ψ)| C|||T |||p‖ϕ‖p‖ψ‖p′ where C is a positive real number depending of f . For f ∈ X
we put ‖f ‖ = sup{|f (T ,ϕ,ψ)| | for T ∈ CVp(G), ϕ ∈ Lp(G), ψ ∈ Lp′(G) with |||T |||p  1,
‖ϕ‖p  1 ‖ψ‖p′  1}. For a, b ∈ M∞(G) with compact support we have ga,b ∈ X and ‖ga,b‖
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σ(X,CVp(G)×Lp(G)×Lp(G)). The family of sets {DU,K,ε | U is a neighborhood of e in G,
K a compact subset of H and ε > 0} has the finite intersection property then the set ⋂{DU,K,ε |
U is a neighborhood of e in G, K is a compact subset of H and ε > 0} is non-empty. Let g be any
element of this set. We have ‖g‖ 1. For every T ∈ CVp(G) there is a unique continuous linear
map P(T ) of Lp(G) with 〈P(T )ϕ,ψ〉
Lp(G),Lp
′
(G)
= g(T ,ϕ,ψ). Clearly P(T ) ∈ CVp(G), P is
linear on CVp(G) and |||P(T )|||p  |||T |||p.
(1) We have suppP(T ) ⊂ H for T ∈ CVp(G).
Let x0 ∈ G \H. Let W be a compact neighborhood of e in G with W ∩H = ∅. There is U,V
open neighborhoods of e in G with U−1V ⊂ Wx−10 . Let ϕ,ψ ∈ C00(G;C) with suppϕ ⊂ U and
suppψ ⊂ V x0.
Let ε > 0. There is U1 open symmetric neighborhood of e in G with (U1WU1)∩H = ∅. Let
K be some compact subset of H. By definition of g there is ga,b ∈DU1,K,ε with∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− ga,b
(
T , [ϕ], [ψ])∣∣< ε.
Let η > 0. By [8, p. 146] there is α ∈ C+00(G) with α  0,
∫
G
α(y)dy = 1, and
∣∣ga,b(T , [ϕ], [ψ])− ga,b(T λpG(α∗), [ϕ], [ψ])∣∣< η.
But
ga,b
(
T λ
p
G
(
α∗
)
, [ϕ], [ψ])
=
∫
G
r(x)ΔG(x)
−1/p′ 〈πp′(x)[b], [a]〉Lp′ (G/H),Lp(G/H)〈λp′G(x)[ψ], [ϕ]〉Lp′ (G),Lp(G) dx,
where r ∈ T [Δ1/p′G α]. It is easy to verify that for every x ∈ G we have〈
πp′(x)[b], [a]
〉
Lp
′
(G/H),Lp(G/H)
〈
λ
p′
G(x)[ψ], [ϕ]
〉
Lp
′
(G),Lp(G)
= 0.
This implies ga,b(T , [ϕ], [ψ]) = 0 and therefore |〈P(T )[ϕ], [ψ]〉Lp(G),Lp′ (G)| < ε.
(2) P(T ) = T for T ∈ CVp(G) with suppT ⊂ H.
Let ϕ,ψ ∈ C00(G;C), ε > 0 and U a neighborhood of e in G. There is α ∈ C+00(G) with
α = β on (suppϕ ∪ suppψ)H where β is a Bruhat function of H. Let ga,b ∈DU,K,η with
∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− ga,b
(
T , [ϕ], [ψ])∣∣< ε
2
,
where K = (((suppα)−1 suppϕ)∪ ((suppα)−1 suppψ)) ∩H and
0 < η <
ε
2(1 + 2|||T ||| N (ϕ)N ′(ψ)) .p p p
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Lemma 10 we have
ga,b
(
T , [ϕ], [ψ])= 〈i(ResH ωπp([a], [b])˜S)[ϕ], [ψ]〉Lp′ (G),Lp(G)
and ∣∣ga,b(T , [ϕ], [ψ])− 〈i(S)[ϕ], [ψ]〉Lp′ (G),Lp(G)∣∣
 |||S|||pNp(ϕ)Np′(ψ) sup
h∈((suppα)−1 suppϕ)∩H
Np
(
πp(h)a − a
)
+ |||S|||pNp(ϕ)Np′(ψ) sup
h∈((suppα)−1 suppϕ)∩H
Np′
(
πp′(h)b − b
)
<
ε
2
.
We finally get ∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− 〈T [ϕ], [ψ]〉
Lp
′
(G),Lp(G)
∣∣< ε.
(3) P(T ) ∈ PMp(G) for T ∈ PMp(G).
The proof of (V) [8, p. 149] applies.
(4) For T ∈ CVp(G) and u ∈ Ap(G) we have P(uT ) = uP(T ).
The proof of (VIII) [8, p. 155] also applies.
(5) For μ ∈ M1(G) we have P(λpG(μ)) = λpG(1Hμ).
Let ϕ,ψ ∈ C00(G;C) and ε > 0. There is K1 a compact subset of G with
|μ|(G \ K1) < ε12(1 +Np(ϕ)Np′(ψ))
and U1 open subset of G with K1 ∩ H ⊂ U1 and
|μ|(U1 \ (K1 ∩H))< ε12(1 +Np(ϕ)Np′(ψ)) .
There is U2 open symmetric neighborhood of e in G with (U2K−12 U2) ∩ H = ∅ and ga,b ∈
DU2,K1∩H,η with ∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− ga,b
(
T , [ϕ], [ψ])∣∣< ε
2
,
where K2 = K1 \ U1 and
η = ε
6(1 + ‖μ‖)(1 + Np(ϕ)Np′(ψ)) .
Then ∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− 〈λpG(1Hμ)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣< ε + ∣∣μ(f )∣∣2
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f (x) = (1H (x) − 〈πp(x)[a], [b]〉Lp(G/H),Lp′ (G/H))〈λpG(x)[ϕ], [ψ]〉Lp(G),Lp′ (G).
From
∫
G\K1 |f (x)|d|μ|(x)| < ε6 ,
∫
U1\K1∩H |f (x)|d|μ|(x)| < ε6 ,
∫
K1∩H |f (x)|d|μ|(x)| < ε6 ,
and f (x) = 0 on K2 we finally get∣∣〈P(T )[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− 〈λpG(1Hμ)[ϕ], [ψ]〉Lp(G),Lp′ (G)∣∣< ε.
(6) P is a conditional expectation.
For p = 2, the projection P being of norm 1, P is a conditional expectation [22, Chap-
ter II.9.1, Theorem, p. 116].
Let T ∈ CVp(G), S ∈ CVp(H), ϕ,ψ ∈ C00(G;C) and ε > 0. Let λ ∈ C00(G;C) with
‖i(S)[ϕ] − [λ]‖p < η where 0 < η < 1 and
η <
ε
3(1 + Np′(ψ)|||T |||p)(3 + |||S|||pNp(ϕ) + ‖i(S)[ϕ]‖p) .
We choose α ∈ C+00(G) with α(x) = β(x) for every x ∈ (suppϕ ∪ suppλ)H. Let also U be an
open neighborhood of e in G and
K = ((suppα)−1 suppϕ ∪ (suppα)−1 suppλ)∩H.
There is ga,b ∈DU,K,η with∣∣〈P(T i(S))[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− ga,b
(
T i(S), [ϕ], [ψ])∣∣< ε
3
and ∣∣〈P(T )i(S)[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− ga,b
(
T , i(S)[ϕ], [ψ])∣∣< ε
3
.
But by Lemma 11 ∣∣ga,b(T i(S), [ϕ], [ψ])− ga,b(T , i(S)[ϕ], [ψ])∣∣< ε3 .
This implies∣∣〈P(T i(S))[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
− 〈P(T )i(S)[ϕ], [ψ]〉
Lp(G),Lp
′
(G)
∣∣< ε
and finally
P(T i(S))=P(T )i(S).
We prove similarly that
i(S)P(T ) =P(i(S)T ). 
250 A. Derighetti / Journal of Functional Analysis 247 (2007) 231–251Remark. The existence of P projection of CV2(G) onto {T ∈ CV2(G) | suppT ⊂ H } with
P(uT ) = uP(T ) for u ∈ A(G) has been recently investigated in several papers [2,11,15].
Kaniuth proved [14, p. 121] that L1(H) ∩ C∗(G) = {0} for H closed normal subgroup of G
non-open in G. Earlier Akeman and Walter obtained that for G non-discrete the Banach algebra
C∗(G) has no unit [1, p. 457]. Ghahramani and Lau proved that for G non-discrete idLp(G) /∈
PFp(G) for 1 < p < ∞ [12, p. 188]. As a direct consequence of Theorem 12 we obtain the
following generalization of these results.
Corollary 13. Let G be a locally compact group and H a closed subgroup. Suppose that G ∈
[A]H and that H is non-open in G. Then
i
(
CVp(H)
)∩ i(CVp(H))PFp(G)i(CVp(H))= {0}
for every 1 <p < ∞.
Corollary 14. Let G be a locally compact group and H a closed subgroup of G and 1 <p < ∞.
Suppose that G ∈ [A]H . Then H is locally p-Ditkin in G.
Proof. Let T ∈ CVp(G) and u ∈ Ap(G) with suppuT ⊂ H and ResH u = 0. It suffices to verify
that uT = 0. We have uT = P(uT ) = uP (T ) = ui(S) where S ∈ CVp(H). But, according to [9],
ui(S) = i(ResH uS). 
Remarks. (1) In [7] this result was obtained for H normal in G. In [5] for H neutral in G. For
G amenable and H arbitrary closed subgroup of G, the result is due to B. Forrest, E. Kaniuth,
A.T. Lau and N. Spronk [11].
(2) The preceding proof gives the following factorization result. Let u ∈ Ap(G) and T ∈
CVp(G) with suppuT ⊂ H, then there is S ∈ CVp(G) with suppS ⊂ H and uT = uS.
(3) Recently J. Ludwig and L. Turowska [18] proved for G, a second countable locally com-
pact group, that every closed subgroup is locally 2-Ditkin in G.
Theorem 15. Let G be a locally compact group and H a closed subgroup of G and 1 <p < ∞.
Suppose that G ∈ [A]H . Let Q = i−1 ◦P where P is the map of theorem 12. Then:
(1) |||Q(T )|||p  |||T |||p,
(2) Q(i(S)) = S for S ∈ CVp(H),
(3) Q(uT ) = ResH uQ(T ) for every u ∈ Ap(G),
(4) suppQ(T ) ⊂ suppT for every T ∈ CVp(G).
Corollary 16. Let G be a locally compact group and H a closed subgroup of G and 1 <p < ∞.
Suppose that G ∈ [A]H . Then Q(cvp(G)) = cvp(H) where cvp(G) is the operator norm closure
in CVp(G) of the set of all convolution operators with compact support.
Remarks. (1) For G amenable and H normal in G, this result is due to C. Herz [13].
(2) For G unimodular and H discrete amenable subgroup of G the result was obtained in [10].
Corollary 17. Let G be a locally compact group and H a closed subgroup of G and 1 <p < ∞.
Suppose that G ∈ [A]H . Then i(cvp(H)) = {T ∈ cvp(G) | suppT ⊂ H }.
A. Derighetti / Journal of Functional Analysis 247 (2007) 231–251 251Remarks. (1) For H normal in G the result is due to C. Herz in [13]. For G unimodular and H
discrete amenable subgroup see [10].
(2) It is possible in Corollaries 16 and 17 to replace cvp by the norm closure in L(Lp) of
the finitely supported convolution operators or by the norm closure of the convolution operators
generated by all bounded measures. For G abelian and p = 2 the result, concerning the norm
closure of the convolution operators generated by all bounded measures, was conjectured in [3,
p. 81] and solved only in 1979, see [4].
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